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Abstract
In this paper we give a representation formula for the heat semigroup on adapted vector fields by
the horizontal lift of Ornstein–Uhlenbeck process over Riemannian path space.
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1. Introduction
Let (M,g) be a compact Riemannian manifold with dimension d . Let us consider the
following path space:
P(M) := {p : [0,1] → M, continuous, p(0) = x0},
where x0 ∈ M is fixed. On P(M) we endow the Wiener measure ν induced by the
Brownian motion on M . The path space has a natural structure of Itô filtration and a
differentiable structure which is transported from the Malliavin calculus on the (flat)
Wiener space through the Itô map: Itô stochastic parallel transport provides a methodology
of moving frames on the path space.
Cruzeiro and Malliavin [2] defined the Riemannian geometry on P(M). Since the Itô
map is not Cameron–Martin differentiable and the naturally defined Levi-Civita connection
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connection is Riemannian but has a torsion. Computing the corresponding Weitzenbock
formula gives rise to nontrivial first order terms which are hard to estimate.
In [3] a renormalization procedure was defined meaning that identities such as the
Weitzenbock formula are simplified when we restrict them to adapted vector fields. The
underlying principle is that differential geometry on the path space should be compatible
with the Itô filtration. In particular, the bundle of orthogonal frames to the path space
is restricted to those which commute with the projections determined by the conditional
expectation with respect to the Itô filtration.
The construction of Ornstein–Uhlenbeck process on P(M) was first given by Driver
and Röckner [6] by the quasi regular Dirichlet form. Later, Kazumi [7] gave another
construction by projection technique. Norris [8] applied two parameter stochastic calculus
to construct the process on P(M). It is worthy to point that Driver–Röckner process
coincides with Norris process only when Ricci tensor vanishes.
In [5] a finite dimensional approximation of Riemannian path space geometry was
constructed. In particular, this approximation allows to construct the horizontal lift of the
Ornstein–Uhlenbeck process on the path space through the Markovian connection. Then a
representation formula for the heat semigroup on adapted vector fields was given by this
lift. However, this lift lives on a big space, the bundle of measurable orthogonal frames.
Here we shall prove this representation by the process constructed by Norris [8] which
lives on the bundle of continuous orthogonal frames. The lifted process plays a crucial role
in the development of the stochastic calculus of variations on the path space [4].
2. Main results and proofs
In this paper we shall keep all the notations and notions in Norris [8]. We consider the
Levi-Civita connection ∇ on tangent bundle TM . Let xst be a semimartingale on M in the
sense of Norris [8]. The covariant Stratonovich differential along xst is defined by
Ds := ∂s + A(∂sxst ),
so that
Ds∂txst = ∂s∂t + A(∂sxst )∂t xst
and for a process zst in TM over xst with appropriate semimartingale properties
Dszst = ∂szst + A(∂sxst )zst ,
DsDtzst =
(
∂s + A(∂sxst )
)(
∂t zst +A(∂txst )zst
)
,
where Ai ∈ End(Rn) is locally given by g(∇∂xi ∂xj , ∂xk). Then we can easily check that
Ds∂txst = Dt∂sxst ,
DsDtzst = DtDszst + R(∂sxst , ∂txst )zst ,
where Ω is the curvature tensor on M corresponding to ∇ .
Norris [8, p. 330] proved the following result.
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
Ds∂txst = ust∂s∂twst − 12∂sxst∂t + 12 Ricci(∂txst )∂s,
Dsust = 0,
Dtvst = 0,
subjected to the boundary condition

xs0 is a given Brownian motion on M starting from m0;
x0t = m0, u00 = v00 = a given orthogonal frame over m0;
u0t = v0t , vs0 = us0.
Then there are unique continuous semimartingales {xst , ust , vst } satisfying these equa-
tions. In particular, xt := {xst , s  0} is an Ornstein–Uhlenbeck process on path space
P(M). Moreover, s → ust is the horizontal lift of s → xst for fixed t by the Levi-Civita
connection, and t → vst the horizontal lift of t → xst for fixed s.
Let P(O(d)) denote the space of continuous mappings e(s) from [0,1] to O(d),
orthogonal matrix group, with e(0) = I . Define the following process taking values in
P(O(d))
est := u−1st vst .
The process r·t := (x·t , e·t ) taking values in the frame bundle O(P(M)) = P(M) ×
P(O(d)) will be called the horizontal lift of Ornstein–Uhlenbeck process xt through
Markovian connection on path space defined by Cruzeiro and Malliavin [2].
Proposition 2. The process rt has the following Markovian property:
xt+t ′(x0,w) = xt ′
(
xt (x0,w), θt (w)
)
,
et+t ′ · e−1t (x0,w) = et ′
(
xt(x0,w), θt (w)
)
,
where [θt (w)]st ′ := ws(t+t ′) − wst .
Proof. Similar to Norris [8, p. 327], we set
x˜st ′ = xs(t+t ′),
u˜st ′ = us(t+t ′),
v˜st ′ = vs(t+t ′)v−1st ust .
Then x˜st ′, u˜st ′, v˜st ′ are determined by

Ds∂t ′ x˜st ′ = u˜st ′∂s∂t ′ [θt (w)]st ′ − 12∂sx˜st ′∂t ′ + 12 Ricci(∂t ′xst ′)∂s,
Dsu˜st ′ = 0,
Dt ′ v˜st ′ = 0
and initial conditions x˜s0 = xst , x˜0t ′ = x0 and u˜s0 = v˜s0, u˜0t ′ = v˜0t ′ .
The uniqueness of the solution implies the desired Markovian property. 
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We define C(H) as the set of cylindrical vector fields in L2(W(M), ν;H), namely
C(H) :=
{
X(p) =
k∑
i=1
Fi(p)hi, Fi ∈ C, hi ∈ H
}
.
Define
T Ht Z(x0) := Ex0
(
e−1t Z(xt )
)
.
Then
Proposition 3. T Ht is a symmetric semigroup on L2(W(M), ν;H).
Proof. The symmetry follows from the reversibility of xt (cf. Norris [8, p. 331]). Moreover,
by the Markovian property of (xt , et ), we have
T Ht T
H
s Z(x0) = Ex0
(
e−1t Ext
(
e−1s Z(xs)
))
= Ex0(e−1t Ex0(ete−1s+tZ(xs+t ) |Ft))
= Ex0(e−1s+tZ(xs+t ))= T Ht+sZ(x0). 
For Y,Z ∈ C(H), the Markovian connection is defined by
d
dτ
∇MY Z := DY Z˙ +QY Z˙,
where QY (τ) :=
∫ τ
0 Ω(Y, ∂b) ∈ so(d), b is the d-dimensional standard Brownian motion
in Rd .
Let {h} runs over an orthogonal normal bases of Cameron–Martin space H . Define the
following closable symmetric bilinear form
EH (Z,Y ) :=
∑
h
E
(∇Mh Z | ∇Mh Y ), Z,Y ∈ C(H).
Then we have (cf. [1])
Theorem 4. The generator LH of (EH ,C(H)) is given by
LHX =
∑
h
(− ∇h∇hX + δ(h)∇hX)
= −
∑
α
1∫
0
∇2τ,αX dτ +
∑
α
1∫
0
∇τ,αX ◦ dxατ .
In particular, for Z = Fz and Y = Gy , we have
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∑
h
E
(
DhFDhG(z, y)H
)
+ E
(
Dh(FG)
1∫
0
y˙T (τ )Qh(τ)z˙(τ )dτ
)
+ E
(
FG
1∫
0
y˙T (τ )QTh (τ )Qh(τ)z˙(τ )dτ
)
.
We can prove our main result.
Theorem 5. For any Z,Y ∈ C(H), if Ricci tensor vanishes, it holds that
EH (Z,Y ) = d
dt
∣∣∣∣
t=0
E
((
e−1t Z(xt) −Z(x0) | e−1t Y (xt )− Y (x0)
)
H
)
. (1)
Proof. Without any loss of generality, we may assume Z = Fz,Y = Gy by the bilinearity
of E . Since e−1t Z(xt ) − Z(x0) and e−1t Y (xt) − Y (x0) are two semimartingales in H with
initial value 0, we have
E
((
e−1t Z(xt )− Z(x0) | e−1t Y (xt)− Y (x0)
)
H
)= E([e−1Z,e−1Y ]Ht )
where [·, ·]H denotes the covariation in H .
First of all, let us calculate ∂s∂t e−1st .
∂s∂t e
−1
st = ∂s∂t
(
v−1st ust
)
= ∂s
((
∂t v
−1
st
)
ust + v−1st ∂t ust
)
= ∂s
(−v−1st (∂t vst )v−1st ust + v−1st ∂tust)
= ∂s
(
v−1st Dtust
)
= v−1st DsDtust − v−1st Dsvst v−1st Dtust
= v−1st
(
DtDsust − R(∂txst , ∂sxst )ust
)− v−1st Dsvstv−1st Dtust
= v−1st R(∂sxst , ∂txst )ust − v−1st Dsvstv−1st Dtust .
Therefore
∂t e
−1
st =
s∫
0
v−1rt R(∂rxrt , ∂t xrt )urt −
s∫
0
v−1rt Drvrt · v−1rt Dturt =: ∂tJ 1st + ∂tJ 2st .
Now
∂t
(
(e−1t z | h)HF(xt )
)
∂t
(
(e−1t y | h)HG(xt )
)
= ((∂t e−1t z | h)HF(xt )+ (e−1t z | h)H∂tF (xt ))
× ((∂−1t ety | h)HG(xt )+ (e−1t y | h)H ∂tG(xt ))
=: I1(t) + I2(t) + I3(t)+ I4(t),
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I1(t) :=
(
∂t e
−1
t z | h
)
H
F(xt )
(
∂te
−1
t y | h
)
H
G(xt),
I2(t) :=
(
∂t e
−1
t z | h
)
H
F(xt )
(
e−1t y | h
)
H
∂tG(xt),
I3(t) :=
(
e−1t z | h
)
H
∂tF (xt )
(
∂te
−1
t y | h
)
H
G(xt),
I4(t) :=
(
e−1t z | h
)
H
∂tF (xt )
(
e−1t y | h
)
H
∂tG(xt).
From the calculation of Norris we have (cf. [8, p. 333])
d
dt
∣∣∣∣
t=0
E
(
I4(t)
)=∑
h
E
(
DhF · DhG(z, y)H
)
.
For I1(t), by the following formula (cf. [8, p. 333])
∂t xst ⊗ ∂t xs ′t =
∑
h
(usths ⊗ us ′t hs ′)∂t ,
we have
∂t e
−1
t ⊗ ∂te−1t = ∂tJ 1st ⊗ ∂tJ 1st + ∂tJ 1st ⊗ ∂tJ 2st + ∂tJ 2st ⊗ ∂tJ 1st + ∂tJ 2st ⊗ ∂tJ 2st .
Note that
∂tJ
1
st ⊗ ∂tJ 1st =
s∫
0
s∫
0
v−1rt RT (∂rxrt , ∂txrt )urtu
−1
r ′t R(∂r ′xr ′t , ∂t xr ′t )vr ′t
=
∑
h
( s∫
0
s∫
0
v−1rt RT (∂rxrt , urthr )R(∂r ′xr ′t , ur ′thr ′)vr ′t
)
∂t
and
∂tJ
1
st ⊗ ∂tJ 2st
∣∣
t=0= 0,
∂t J
2
st ⊗ ∂tJ 1st
∣∣
t=0= 0,
∂t J
2
st ⊗ ∂tJ 2st
∣∣
t=0= 0.
Hence
d
dt
∣∣∣∣
t=0
E
(
I1(t)
)=∑
h
E
(
FG
1∫
0
y˙T (s)
( s∫
0
s∫
0
v−1r0 R
T (∂rxr0, ur0hr)
×R(∂r ′xr ′0, ur ′0hr ′)vr ′0
)
z˙(s)ds
)
=
∑
h
E
(
FG
1∫
y˙T (s)
( s∫
ΩT (∂br, hr )
s∫
Ω(∂br ′, hr ′)
)
z˙(s)ds
)
0 0 0
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∑
h
E
(
FG
1∫
0
y˙T (s)QTh (s)Qh(s)z˙(s)ds
)
,
where we have used that u−1r0 ∂rxr0 = ∂br .
Lastly, let F have the following form
F(x) = f (xs1, . . . , xsn).
By differential formula we have
∂tF (xt ) =
n∑
i=1
dif (∂t xsit ).
Thus
∂tF (xt )∂t e
−1
t =
n∑
i=1
dif (∂t xsit ) ⊗
(
∂tJ
1
st + ∂tJ 2st
)
=
(∑
h
n∑
i=1
dif (usi thsi )
s∫
0
R(∂rxrt , urthr )vrt
)
∂t
+
n∑
i=1
dif (∂t xsit ) ⊗ ∂tJ 2st ,
and by ∂t xsit ⊗ ∂tJ 2st |t=0 = 0 we have
d
dt
∣∣∣∣
t=0
E
(
I3(t)
)= E
(
GDhF
1∫
0
y˙T (τ )Qh(τ)z˙(τ )dτ
)
.
Similarly for I2(t) and we complete the proof. 
Now we prove that the generator of T Ht is just given by LH .
Theorem 6. For any Z ∈ C(H),
d
dt
∣∣∣∣
t=0
T Ht Z = −
1
2
LHZ.
Proof. We only need to prove that
d
dt
∣∣∣∣
t=0
E
(
(T Ht Z | Y )H
)= −1
2
E
(
(LHZ | Y )H
)
for any Y ∈ C(H). Note that E((e−1t Z(xt ) | e−1t Y (xt ))H ) = E((Z(xt ) | Y (xt ))H ) = E((Z |
Y )H ), by the symmetry of T Ht , the right hand of (1) is equal to
340 X. Zhang / Bull. Sci. math. 128 (2004) 333–340− d
dt
∣∣∣∣
t=0
E
(
(T Ht Z | Y )H
)− d
dt
∣∣∣∣
t=0
E
(
(Z | T Ht Y )H
)
= −2 d
dt
∣∣∣∣
t=0
E
(
(T Ht Z | Y )H
)= E((LHZ | Y )H ),
and which gives the proof. 
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